Abstract. Let P k (n, p) be the set of all real polynomial map germs f = (f 1 , ..., f p ) :
Introduction
Given an equivalence relation to classify map germs in the context of Singularity theory, one initial problem is the following:
Problem. To decide if the classification under investigation has or not countable number of equivalence classes, becoming finite under some restrictions.
If the answer is affirmative, we say that the classification is tame or has the finiteness property. The finiteness property is an initial step in any possible attempt of the understanding the classification of singularities.
Let P k (n, p) be the set of all real polynomial map germs f = (f 1 , ..., f p ) : (R n , 0) → (R p , 0) with degree of f 1 , ..., f p less than or equal to k ∈ N. For some equivalence relations the finitness property does not hold. Henry and Parusinski [5] showed existence of moduli for R-bi-Lipschitz equivalence of analytic functions. By other hand, in [1] the authors showed that with respect to K-bi-Lipschitz equivalence, the finiteness property holds for the set of all real polynomial map germs with bounded degree. Later on, Ruas and Valette A pair (or couple) of map-germs can be defined as follows:
It can be seen also as a divergent diagram
Divergent diagrams appear in several geometrical problems and it have many applications.
Recently, in [2] the authors showed the finiteness property for the called bi-C 0 -Kequivalence of pairs of map germs. This equivalence relation is the topological version of topological contact equivalence adopted to a pair of map germs. An overview of the theory involving classical equivalence relations of pairs of map germs can be found in [3] .
The main result of this paper shows that the set of equivalence classes of P k (n, p), with respect to multi-K-bi-Lipschitz equivalence, is finite. As a consequence, we obtain the finiteness property with respect to K-bi-Lipschitz equivalence.
Preliminaries and notations
Definition 2.1. Two continuous map germs f, g : (R n , 0) → (R p , 0) are said to be K-bi-
Lipschitz equivalent if there exist germs of bi-Lipschitz homeomorphisms
p and the following diagram is commutative:
is the canonical projection germ and
When h = id n , f and g are said to be C-bi-Lipschitz equivalent.
In other words, two map germs f and g are K-bi-Lipschitz equivalent if there exists a
where h is also a bi-Lipschitz map germ, such that θ(x, 0) = 0 and H maps the germ of the graph(f ) onto the graph(g).
Recall that graph(f ) is the set defined as follows: such that, for all x ∈ U x 0 , we have
We use the notation: f ≈ g.
The next
Lemma is an adaptation of Theorem 2.4 given in [1] :
) be two germs of Lipschitz functions. Suppose that there exists a germ of bi-Lipschitz homeomorphism
one of the following two conditions is true:
Then, f and g are K-bi-Lipschitz equivalent.
The map H(x, y) = (h(x), θ(x, y)) defined above is bi-Lipschitz. In fact, H is injective because, for any fixed x * , we can show that θ(x * , y) is a continuous and monotone function.
Moreover, H is Lipschitz if 0 < |f (x)| ≤ |y|. Let us show that H is Lipschitz if 0 < |y| ≤ |f (x)|. Hence it is sufficient to show that all the partial derivatives of H exist and are bounded in their domain up to a set of measure zero. Since h is a bi-Lipschitz homeomorphism, follows that all its partial derivatives ∂h ∂x i exist and are bounded in almost every x near 0 ∈ R n , i = 1, . . . , n. Thus, it is necessary to check only the partial derivatives of θ. Then,
Observe that,
is bounded up to a set of measure zero, for all i, j = 1, ..., n;
is bounded; iv) ∂g ∂x j , ∂f ∂x i are bounded for all i, j = 1, ..., n, because f and g are Lipschitz.
From (i)-(iv) we can conclude the ∂θ ∂x i exist and it is bounded up to a set of measure zero, for all i = 1, . . . , n. Observe that the partial derivative of θ with respect to y ∈ R is also bounded.
Since the map H is Lipschitz outside of the set of the measure zero, the following expression holds:
where V is an open neighborhood of the origin in (R n × R, 0), U is a set of measure zero and k is a real constant positive. We need to show that the last inequality remains
Moreover,
Since H is a continuous map, taking n → ∞ and then m → ∞ follows that
Hence, H is Lipschitz in all V .
Since H −1 can be constructed in the same form as H, we conclude that H −1 is also Lipschitz. Then, H is bi-Lipschitz. Moreover, by construction of H, follows that:
Hence f and g are K-bi-Lipschitz equivalent. 
p is a map germ. A (p, q)-multi pair of map germs can be considered as a map germ
F = (F 1 , ..., F p ) : (R n , 0) → (R q 1 ×R q 2 ×· · ·×R qp , 0),where h : (R n , 0) → (R n , 0) and H i : (R n × R q i , 0) → (R n × R q i , 0) is called a contact family if H i (x, y i ) = (h(x),H i (x, y i )) for all i = 1, ..., p, x ∈ R n , y i ∈ R q i . Definition 2.7. Let q = (q 1 , .
.., q p ) be a multi index. A (p, q)-multi pair of bi-Lipschitz homeomorphisms is a germ of a bi-Lipschitz homeomorphism, generated by a contact family of p + 1 bi-Lipschitz homeomorphisms in the form
given by H(x, y 1 , ..., y p ) = (h(x),H 1 (x, y 1 ), ...,H p (x, y p ))
We call the bi-Lipschitz map germ h of a common factor of the (p, q)-multi pair of bi-Lipschitz homeomorphisms.
Definition 2.8. Let q = (q 1 , ..., q p ) be a multi index. Two (p, q)-multi pairs of map germs Definition 2.7 , such that the following diagram is commutative:
where id n is the identity map germ of R n ; π n is the usual projection in R n ; h is the common factor of (p, q)-multi pair of bi-Lipschitz homeomorphisms and for all i = 1, ..., p
Remark 2.9. Let q = (q 1 , ..., q p ) be the multi index and let 
Main results and finiteness property
Theorem 3.1. Let f = (f 1 , ..., f p ), g = (g 1 , ..., g p ) : (R n , 0) → (R p , 0
) be two germs of Lipschitz maps. Suppose there exists a bi-Lipschitz homeomorphism
invariant under H. In other words, H satisfies
Then, the germs f and g are multi-K-bi-Lipschitz-equivalent.
To prove the Theorem 3.1 we need some preliminary results. 
, satisfying the conditions of Theorem 3.1. Define the following subsets of
Assertion 1. For each k = 1, . . . , p, one of the following conditions holds:
Proof. If the condition does not hold, there are points a, b, c, d
connecting the points b and d. Therefore, H −1 • λ is a path in R n × R p , connecting the points a and c passing by
is a bi-Lipschitz map germ.
Proof. Since g is a Lipschitz map, the projection π n| graf (g) is a bi-Lipschitz map. By the same argument, a map x → (x, f (x)) is bi-Lipschiz. By hypothesis, the map H is bi-Lipschitz. Hence h is bi-Lipschitz.
Assertion 3. One of the following assertions is true:
Proof. Since H is bi-Lipschitz, there exists two positives numbers c 1 and c 2 , such that
By above construction,
Therefore, |g 1 • h(x)| ≤ c 2 |f 1 (x)|. Using the same procedure for the map H −1 , we obtain that
wherec 1 is a a real positive number.
Then,c 1 |f
By Assertion 3 we have that for all x ∈ R n ,
Repeating the same process for all i = 1, . . . , p, we obtain
Proof of Theorem 3.1. By Assertion 3 and Lemma 2.3, follows that f i and g i are K-biLipschitz equivalent, for all i = 1, ..., p. Then, for each i = 1, . . . , p, there exist a germ of bi-Lipschitz homeomorphisms H i : (R n × R, 0) → (R n × R, 0), such that i) H i (x, y i ) = (h(x),H i (x, y i )), withH i : (R n × R, 0) → (R, 0), i = 1, ..., p.
ii) H i (x, f i (x)) = (h(x), g i • h(x)), i = 1, ..., p.
iii) H i (R n × {0}) = R n × {0}, i = 1, ..., p.
Define the map H : (R n × R p , 0) → (R n × R p , 0) given by H(x, y 1 , ..., y p ) = (h(x),H 1 (x, y 1 ), ...,H p (x, y p )).
Considering q = (1, . . . , 1) p-times, we obtain that H is a (p, q)-multi pair of biLipschitz homomorphism, generated by the contact family of bi-Lipschitz homeomorphisms, {h, H 1 , ..., H p }. Moreover, i) H(x, f 1 (x), ..., f p (x)) = (h(x), g 1 • h(x), ..., g p • h(x)) and ii) H(R n × {0} p ) = R n × {0} p .
Hence, f and g are multi-K-bi-Lipschitz equivalent.
